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Abstract. We prove the simplicity and analyticity of the eigenvalues 
of the cubic oscillator Hamiltonian, 

for ft in the cut plane C c := C\R_. Moreover, we prove that the spec- 
trum consists of the perturbative eigenvalues {E n (/3)} n >o labeled by 
the constant number n of nodes of the corresponding eigenfunctions. In 
addition, for all f5 € C c , E n {fi) can be computed as the Stieltjes-Padc 
sum of its perturbation series at j3 = 0. This also gives an alternative 
proof of the fact that the spectrum of H(J3) is real when /3 is a positive 
number. This way, the main results on the repulsive PT-symmetric and 
on the attractive quartic oscillators are extended to the cubic case. 
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1. Introduction 



The real cubic oscillator 



(1.1) 



H = — — r + x 2 + x 3 



has been considered from the very beginnings of quantum mechanics as one 
of the simplest operator to study (see, e.g., [H]). Indeed, it is the simplest 
model after the two cases of a linear potential and a quadratic potential. 
But, in contrast with these two models (for which Airy and Weber functions 
can be used) , no general analogous special functions are known for the cubic 
case (see, however, [6]). In addition, from a quantum point of view, it ap- 
pears that there exists an infinity of self-adjoint extensions from Cq°(1R), all 
with discrete spectrum (see, e.g., |20j for such considerations). Therefore, 
this apparent simplicity actually hides important difficulties, for which a 
rigorous treatment is needed. 

Here, in order to get a better understanding of the problem, we consider the 
complex Hamiltonian, 



where j3 ^ is a complex parameter with |arg/3| < ir. In particular, for 
positive /3, H(f3) is PT-symmetric, as the repulsive quartic oscillators de- 
fined and studied in [3j. 

Strangely enough, until recently there were rather few rigorous published 
results concerning this operator. Among them, however, we can quote the 
analyticity of the eigenvalues for small \/3\ and the Borel summability [6], 
extended to the boundary arg(/3) = ±tt, as distributional Borel summability 



On the contrary, many papers have been devoted to the quartic anharmonic 
oscillator (see, e.g., [H HH d3 E3 ES] ) > for which a rather complete series of 
results have been proved. 

Indeed, a renewed interest for this model came only after the Bessis-Zinn 
Justin conjecture in 1992 (successively extended to other oscillators by Bender- 
Boettcher in [2], after the results of [I] on the quartic oscillator), claiming 
that the spectrum of H(/3) should be real for positive (3. After an important 
step due to Dorey-Dunning-Tateo in [12], the conjecture was finally proved 
by Shin in [21] (actually for a more general class of Hamiltonians) . 

In this paper, we recover Shin's result in our case, but with a completely 
different proof. In addition, our proof permits us to give a complete infor- 
mation on the spectrum of H(/3) for all /3 in the cut plane. 

More precisely, we prove that the spectrum of H{(3) consists of the pertur- 
bative simple eigenvalues {E n (f3)} n >o, labeled by the constant number n 
of the nodes of the corresponding eigenfunctions, that is, its zeros lying in 
the lower half-plane (that are stable in the j3 = limit). In addition, we 
prove that, for all (3 such that |arg/3| < n, each eigenvalue E n (f3) is the 
Stjelties-Pade sum of its perturbation series at /3 = 0. In this way we extend 



(1.2) 




151. 
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to the cubic case the results by Loeffel-Martin-Simon-Wightman [18] on the 
quartic oscillator (see also [23]). 

Our method, that we believe to be new, is based on a combined use of per- 
turbative and complex semiclassical arguments. In particular, it exploits in 
an intensive way the stability of the nodes of the eigenfunctions when the 
energy tends to infinity. More precisely we prove that, for any eigenfunction 
depending continuously on (3, its number of nodes is indeed independent of 
f3 and remains uniformly bounded. On the other hand, semiclassical con- 
siderations show that this number is related to the value of the energy and, 
in particular, tends to infinity as the energy tends to infinity. This shows 
that the energy cannot explode for finite /3 (even in the limit arg/3 — > ±7r), 
and permits us to obtain global results. A similar strategy has been used 
by Loeffel and Martin [JJ5] for the anharmonic quartic oscillator, with the 
difference that, in their case, the particular form of the potential allowed the 
use of variational inequalities, leading to the result in a much simpler way. 

Let us observ e th at the limit of E n {— b — ie) as e — > + , gives a generalized 



resonance of (1.1) defined as the limit of resonances of analytically regular- 
ized Hamiltonians [7J. 

A general discussion on the problem, extended to the non-modal solutions, 
has also been presented in two recent papers in collaboration with Marco 
Maioli [144 ES] (but the control on the non-perturbative levels was not com- 
plete). 

Finally, in relation with our result, we would like to mention the complex 
semiclassical studies by Eremenko-Gabrielov-Shapiro 113], Delabaere-Pham 
[HI [TO] and Delabaere-Trinh [IT] (see also [22] and references therein) , and 
the numerical computations done by Bender- Weniger [3] and G. Alvarez [JJ. 

In the next section, we describe our main results and make some general re- 
marks on them. Section 3 is devoted to some preliminaries results concerning 
any arbitrary eigenvalue E{f3) of H(/3), depending continuously on (3 in some 
open set Vt C C c . In particular, it is shown that the corresponding eigenfunc- 
tion admits a finite number of zeros (nodes) in the half-plane {Im x < 0}, 
and that this number is independent of (3. Using this property, we show 
that E(f3) can be continued (as an eigenvalue of H{j3)) along any simple 
path of C c . In Section 4, we consider the particular case where the path 
relates £1 with 0, and we prove that, when /3 becomes close to 0, then E(f3) 
can be identified with some perturbative eigenvalue E n (f3). The simplicity 
of the eigenvalues is proved in Section 5 where, still using the properties of 
the nodes of the eigenfunctions, we show that each E n ((3) can be continued 
in a holomorphic way to the whole cut plane. Then, in order to have the 
Stieltjes property, we study the behavior of E n {f3) both when (3 becomes 
close to the cut and when \(3\ tends to infinity . In particular, we show that 
E n (j3) admits a finite limit E^(—b) as (3 — > —b E (— oo,0) with ±arg/3 < ir 
(Section 6), and that E n ((3) behaves like /3 1//5 as \/3\ — > oo (Section 7). This 
permits us, in Section 8, to prove that the function f3~ 1 (E n ((3) — E n (0)) is 
Stieltjes, and to complete the proof of our results. 
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2. Results 

We study the spectrum of the non selfadjoint operator, 

d 2 



(2.1) H{/3) := -^ + x 2 + i^x 3 

ax z 

on L 2 (R), for /3 € C c := C\(— oo,0] and with domain, 

V:={ue H 2 (R) ; j; 3 u(x) G L 2 {R)}, 
where H 2 (K) stands for the usual Sobolev space of index 2 on R. 

It is well known (see, e.g., [B]) that, for f3 G C c , -ff(/3) forms an analytic 
family of type A (in the sense of Kato [IT]) with compact resolvent, and 
that, for any 9 G (— n, ir), the operator H(be ld ) tends to Ho := + x 2 

(with domain £> := {u G F 2 (IR) ; x 2 u(x) G £ 2 (M)}) in the norm-resolvent 
sense, as b — > 0+. 

Moreover, denoting by E n (0) = 2n + 1 (n > 0) the (n + l)-th eigenvalue of 
Hq, one can see ([6], Theorem 2.13 and [5]) that, for all n > 0, there exists 
5 n > such that, for any f3 G <C C with < (5 n , one has, 

(2.2) <r{H{p)) n - E n (0)\ < 5 n } = {E n (f3)}, 

where E n {(3) is a simple eigenvalue depending analytically on f3 and bounded 
on C c n{|/3| < 5 n }. Finally, E n ((3) admits an asymptotic expansion as j3 — > 
((3 G C c ), of the form, 

(2.3) E n ((3)~ E n (0) + J2en,kP\ 

k>l 

where all the coefficients e n ^ are real, are given by the Rayleigh-Schrodinger 
perturbation theory, and satisfy to the estimate, 

(2.4) \e ntk \ < D n C k n k\ (k>0), 

where C n and D n are positive constants. (Actually, it is proved in [6], [5] that 
the previous series is Borel summable to E n (f3) when | arg /3\ < ^ — e, e > 
arbitrary, \/3\ small enough, and more generally, in the distributional sense 
for the other values of arg/3; however, here we will not use these results.) 

Here, we prove, 

Theorem 2.1. For all (3 G C c , the spectrum a{H{(3))of H(f3) consists of 
simple eigenvalues E n (f3) (n = 0,1,... ) depending analytically on (3 G C c . 
Moreover, for all (3 G C c and n > 0, one has, 

(2.5) Enift) = En(0) + {3 .lim 

where P n j and Q n ,j are the polynomials of degree j ("diagonal Pade ap- 
proximants") defined by, 

Qn,M = i; 

Zti^ k =0(\P\V+ 1 ) as (3^0. 
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Actually, one point of the proof will consist in showing that the series 
(|en,fc|)fc>i is Stieltjes (see, e.g., [27J for a definition). In particular, its 
diagonal Pade approximants satisfying the condition Q n ,j(0) = 1 are well 
defined and unique (see [27], Chap. XX). Indeed, we also prove, 



Theorem 2.2. For all (3 G C c , one has, 

E n ((3) = E n (0) + f3 [ +OC '^-dt, 
Jo 1 + 

where p n is a real-analytic positive function on (0, +oo), such that i 1 / 5 p n (t) 
admits a limit as t — > 0+, and, 

lnp n (i) = -— (t + 0(mt)), as t -> +oo. 
15 

Moreover, the measure p n (t)dt is the only solution of the moment problem, 

r+oo 

/ t k p n (t)dt = \e nMX \ (A: = 0,1,...). 
Jo 



In particular, the constant C n in (2.4) can be taken arbitrarily close to 15/8. 



Remark 2.3. By the results of Sibuya |22], we already know that, for 
(3 £ C c fixed, the large enough eigenvalues of H(f3) are simple. However, no 
information is given in [22] about how much large they must be (in particular 
when f3 becomes close to infinity or to the boundary of C c ). Moreover, still 
by |22j . one can see that any eigenspace Ker(H(f3) — E) is one dimensional 
(that is, the geometric multiplicity of E is one). Therefore, the possible 
(algebraic) multiplicity of an eigenvalue necessarily means the appearance 
of non vanishing Jordan blocks. 

Remark 2.4. When f3 is a positive number, the operator H{(3) is PT- 
symmetric and the reality of its spectrum is proved by Shin in [21] . Here, 
we recover this result by observing that, since oil th.Q € n k are real, so are 
all the coefficients of P n j and Q n ,j- Actually, the reality of E n (f3) is indeed 
a consequence of its simplicity which, in turns, comes out from a good 



control on t he n odes of the associated eigenfunction (see Definition 3.5 and 



Proposition 3.6) 



Remark 2.5. In particular, it follows from this theorem that all the eigen- 
values of H(f3) are holomorphic extensions to the whole cut plane C c of the 
perturbative eigenvalues computed near (3 = 0. 

3. Preliminaries 
We start with some general results concerning the eigenvalues of H(f3). 

By the results of [T7] and |22 j? we know that, if Eq is an eigenvalue of H((3q) 
for some (3q G C c , then its multiplicity m is finite and there exits an integer 
m! £ [1, m] and a m'-valued analytic function j3 \-t E(f3) defined on a neigh- 
borhood of /3o with branch point at (3q, such that E(f3) — > Eq as (3 — > (3q, 
and E{(3) is an eigenvalue of H{(3) for all (3 in this neighborhood. 

In other words, the function {3 h-> E(f3) is well-defined and analytic on the 
m'-sheets covering space over f2\{/3o}, where is a neighborhood of /3q in 



6 



VINCENZO GRECCHI 1 k, ANDRE MARTINEZ 2 



C c , and moreover it is continuous at /3q. 



Let us note that, by the results of [22]; the algebraic multiplicity of Eq co- 
incides with its multiplicity as a zero of the Stokes-Sibuya coefficient (see, 
e. g., [25]). In particular, the finitude of m is a direct consequence of the 
global analyticity of this coefficient with respect to the energy. 

The purpose of this section is to continue holomorphicaly any of the branches 
of E(/3), in order to reach any point of C c (in particular, points arbitrarily 
close to 0). At first, we prove, 

Proposition 3.1. There exists a L 2 (R) -multiple-valued continuous function 
ipp of f3 £ U, such that, for all f3 £ $7, one has H(f3)ipp = E(/3)ipp and 

lhM = i. 

Proof. For E £ C, denote by ip± t E the two solutions of H(/3)ip± t E = Eip±,E 
that are subdominant near W± respectively, and are given by the Sibuya 
asymptotics (see [22J, Chapter 2). In particular, ip± t E are L 2 (IL|-)-valued 
analytic functions of (E,/3), and the fact that E{(3) is an eigenvalue of 
H((3) means that there exists a complex number ap such that ip+ t E(p) = 
ct/3ip- t E(p)- Moreover, since ip-^iz) is a non identically zero entire func- 
tion of z, for any nonempty open set to C C, one has HV'-^llz, 2 ^) 7^ 0- 
Thus, one can write ap = (ip +:E (p),ip-,E) L 2 (u J )/\\' t P-,E\\h(u J )> showing that 
ap is a continuous function of f3. As a consequence, so is \\ij)+ t E(p) l| 2 = 

HV ; + i i<;(/3)ll| + + |a/3| 2 HV>- £(/3)HL' and the function ipp := ip +! E(p)/\\^+,E{p)\\ 
solves the problem. □ 



Remark 3.2. Actually, by the results of [22], we know that ap can be 
expressed as ap = C(y/]3, E{j3)), where the function C 2 3 (a, E) C(a, E) 
is entire. 

Next, we prove, 

Proposition 3.3. For all f3 E 0,, the eigenfunction ipp does not admit any 
zero in the strip, 

Sn := s x G C ; < Im x < — == cos( — — ) > . 

P 1 ~3vW\ 2 J 

Proof. Setting Vp{x) := x 2 + iyffix^ ', and using the equation, we see that, 
for any s,t£l, we have, 



Imtp'^s + it)ipp(s + it) = I lm{Vp{r + it)-E{P))\ij)p{r + it)\ 2 dr 

oo 



hoo 

(3.1) = -/ lm{Vp{r + it)-E{p))\i)p{r + it)\ 2 dr. 



Therefore, it is enough to prove that, for < t < —7= cos(^), the func 



tion r 1 — y Im (Vp(r +it) — E((3)) changes sign at most once on R (in that case, 
at least one - and thus both - of the two previous integrals is necessarily 
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different from zero). Writing j3 = be td with b > and \6\ < it, we compute, 

— Im Vp{r + it) = — ( 2rt + r 3 Vbcos 3r 2 tVbsm 3rt 2 Vbcos-) 

dr ar \ 2 2 2 J 



3r 2 Vbcos - — QrtVbsm - + 2t — 3t 2 \fbcos -. 



This is a second order polynomial function of r, with (reduced) discriminant 
given by, 

9 6 

A' = 9t 2 b-6tVbcos- = 3tVb(3Vbt - 2 cos-). 

In particular, this discriminant is non positive when < t < ^= cos |, and 
the result follows. □ 

Proposition 3.4. There exists C {(3) > 0, depending continuously on (3 G Q, 
such that the eigenfunction ipg does not admit any zero in the set, 

{x £ C; Imx < 0, \x\ > C{(3)}. 

Proof. This is just an immediate consequence of the Sibuya asymptotics at 
infinity of ipp(x), in the two sectors, 



(3.2) S ± :={xeC 



.. . arg/3 2-k 

arg (ix) H =F — 

By ' 10 5 



37T, 



(see [22], Chapter 2). Since S+ U S~ = C\(e^f +to)]R + ) d {Im x < 0}, the 
result follows. □ 



We deduce from Propositions 3.3 and 3.4 that, for any continuous function 



C{(5) > C{j3), the number of zeros of ips lying in the region, 
f p := {Im x < -4= cos(^) , \x\ < C(/3)} 



is constant. Indeed, the two previous propositions show that the boundary 
dTp of does not contain zeros, and thus the number of zeros in Tp (finite, 
because of the analyticity of ipp) is given by, 

1 / ^£>(a0 , 1 / V B {x) 



(3.3) N = <f> - J1 ^-rdx = 6 ~ J1 ^-rdx < oo. 

In particular, this number is a continuous function of /3, and therefore is 



constant for /3 G O. Moreover, still by Propositions 3.3 and 3.4, these zeros 
are the only ones in {Im x < ^^pj cos (^f^)}- ^ ^ n ^ s P om t> it will be useful 
to set, 

Definition 3.5. For any eigenfunction ip of H{f3), we call node of ip any 

zero of tp that lie in the lower half-plane C_ := {Im x < 0}, and we denote 
by N(ijj) their total number. 

The previous discussion shows that we have, 

Proposition 3.6. N{ipp) is Enite and does not depend on /3 G 0. Moreover, 
the nodes of 'tp p coincide with its zeros in the domain {Im x < — ^=cos(^^)}, 



and their total number can be computed by using the formula (3.3). 



s 
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From now on, we denote by iVw, the total number of nodes of ipp for any 

pen. 

In the following, we will also need a better control of the zeros in the region 
{Im x > 0}. We have, 

Proposition 3.7. The function tfjg does not admit any zero in the region, 

tt — arg f3 tt + arg f3 
{0 < argx < — } U {tt — < argx < tt). 



10 



10 



Proof. By (3.1) for s = t = 0, we see that Im ^(0)^^(0) < 0. Moreover, 
since ipp is subdominant in both sectors S±\(j3) defined by, 



(3.4) Sj(/3):={xeC; 



arg(ix) 



arg/3 _ 2j?r 
10 ~~ 5 



TT - 



< s }, i = ±1 



we see that, for a G (0, (tt — arg/3)/10), the function s \-t ipp(se ia ) is in 
L 2 (R + ). Therefore, for s > 0, using the equation H({3)ipj3 = E((3)ipp, we 
obtain, 



Im ^(se ia )M 



Im ^(0)^(0) + / p a (r)\^(re ia )\ 2 dr 
Jo 

p a (r)\ipp(re ia )\ 2 dr, 



with, 



Pa(r) 



Im (r 2 e 4ia + i^(3r 6 e 0ia - E{fi)e 



3„5ia 



2ia\ 



sin 4a + r cos (5a + 



arg/3 N 



Im {E(P)e 



2ia\ 



In particular, since both sin 4a and cos(5a+^|^) are positive, p a (r) changes 
sign at most once on M + , and is positive for large r. We deduce that 
Im ^(se ia )tp/s(se ia ) < for all s > 0. 

In the same way, one finds Im ^(se*°)^ ( g(se ia ) < when s < and 
tt — a G (0, (tt + arg/3)/10), and the result follows. □ 

Now, we plan to extend continuously the function E((3) as much as possible, 
as an eigenvalue of H(fi). We first show, 

Proposition 3.8. The function Q 3 (3 \— > E(fi) is uniformly bounded. 

Proof. By absurd, assume there exists a sequence (f3k)k>o in ft such that 
\E(fik)\ — > oo as k — > oo. By extracting a subsequence, we can also assume 
that (/3fc)fe>o admits a limit /3oo = b^e 1 ® 00 G dQ, with ft^ > and 6>oo G 
[-vr,vr]. 

In the equation H(f3k)' l Pi3 k (x) = i?(/3fe)V'& (x), we make the (complex) change 
of variable, 

x = \E((3 k )\^e-^ w y, 
where we have used the notation Q k := arg/3^ G (— tt, tt). Then, setting, 

E(f3 k )e- ie */ 5 



(3.5) 



h := W k )\~^ ; A: = 



W k )\ 
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d 2 



dy 2 

we see that the new function <p(y) := ip/3 k (\E((3j ;: )\ 1 ^ 3 e~ l9k ^ 10 y) is solution of, 
(3.6) P<p(y) = My). 



Moreover, since i/jp is subdominant in both sectors <S±i(/3) defined in (3.4), 
we observe that the function ip is automatically exponentially small at in- 
finity on M (and, actually, even in the limit |arg#/%| — > tt). In particular, 
it is an eigenfunction of P in the usual sense, and, as k — > oo, we have 
h — > + , — > > 0, 9k — > doo, and A stays on the circle {|A| = 1}, with 
Re A > (since Re P = -h 2 ^ + h 2 / 5 y 2 cos(0 fc /5) > h 6 / 5 y/cos(0 k /5) > 0). 

By extracting a subsequence, we can also assume that A = A(/i) admits a 
limit Aq. 



Then, we can try to use the standard semiclassical complex WKB method, 
in order to obtain another estimate on the number of nodes of i/j/3 k - 

Since Re A > 0, we see that, among the three turning points (that is, the 
complex solutions of i \J \ ftk \ y 3 + /i 2//5 e~ tdk ^y 2 = A), exactly two of them (say, 
y±(A)) are in the half-plane {Im y < Ch 2 / 5 } (C > constant) and are re- 
spectively close to 6~ 1/6 e i ( 2ar e A - 7r )/ 6 and b~ 1/6 e ^ 2ar s A - 57r )/ 6 , while the third 
one y(X) is close to b^ /6 e i( - 2a ^ A + 37r )/ 6 . 

Moreover, each of this points gives rise to three anti-Stokes lines, delimiting 
three complex open sectors. In particular, the sectors attached either to 
y+(A) or to y-(A) are six. In addition, any anti-Stokes line is either bounded 
(in which case it relates two different turning points) or asymptotic at infinity 
to one of the five Sibuya directions, given by {argy = (4j — 3)7r/10}, j = 
1,...,5. 

Then, for topological reasons related to the properties of the anti-Stokes 
lines (in particular, the fact that they cannot cross each other away from 
the turning points), we see that at least one of these six sectors necessarily 
contains either {y £ IR + ; y » 1} or {y G K_ ; y « —1}, without contain- 
ing any other turning point. 

Let us assume, for instance, that this open sector (that we denote by £+) 
is attached to y+(A) and contains {y € M+ ; y >> 1} (the other cases are 
similar). Then, the complex WKB method tells us that tp(y) / on K + , 
and that one has the semiclassical asymptotics, 



(3.7) ^4 = -r'x/iVWly 3 + /i 2 / 5 e-*Wy - A + 0(1) as/ l ^0+, 
ip(y) h v 

locally uniformly with respect to y G £+. Moreover, this asymptotics re- 
mains valid in the two sectors adjacent to S + , as long as one do not cross a 
third anti-Stokes line containing a turning point. In particular, it ceases to 
be valid at the boundary, say L+, between these two adjacent sectors (near 
which the zeros of <p lie). However, there exists a general estimate on /(p, 
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valid near L + , too. We describe it in the next lemma. 

For any 5 > fixed, set, 

£ s :={yeC; dist^^O)) > 6h}. 

Then, we have, 

Lemma 3.9. For any 5 > 0, one has, 



locally uniformly for y £ £$, and uniformly for h > small enough. 

This result is probably well-known to semiclassical experts, but for the sake 
of completeness we give a proof in the Appendix. 

Now, we estimate the number of nodes of ip lying near y + {\). By Proposi- 
tions 3.6 and 3.7, we already know that this number is less than and is 
bounded uniformly with respect to h. As a consequence, denoting by W + a 
sufficiently small neighborhood of y+(A), for any constant 5 > arbitrarily 
small, and for all h small enough, there exists a point y^ € L + Pi W+ with 
(1 + N$)8 < \y h - y+(A)| < (1 + 2N$)5 and dist(y, <^ _1 (0)) > 5. We denote 
by D the disk centered at y+(A) with radius \yh — y + {\)\ (in particular, if 
W+ has been chosen small enough, the part of L + between y+(A) and yn is 
included in D, and the boundary dD of D is transverse to L + at y^). 

Then, by construction, we have tp(y) ^ when y £ dD, and the number of 
nodes of tp lying in D can be written as, 



2™ JdD <p(y) 
For any e > arbitrarily small, we set, 

7 (e) := 3D n {\y - y h \ < e} ; r(e) = dD\y(e). 



Since the length of 7(e) is 0(e), by using Lemma 3.9, we obtain 



(3 - 8) N ° = liM dv+ < } ' 

uniformly with respect to e and h. On the othe r hand, since dist(r(e), L+) > 



e, on this set we can use the asymptotics (3.7), leading to, 



(3.9)/ ?Mdy=<£ -^JiVW\y 3 + h 2 / 5 e-^/^ - Xdy + £ {1), 
Jr(e) f{y) Jr{e) h v 

where the notation O e (l) means that this quantity depends on e, and is 
uniformly bounded as h — > 0+. 

Now, by extracting a subsequence, we can also assume that y^ admits a 



limit yo, as h — > 0+. Hence, gathering this information with (3.8)-(3.9), we 
obtain, 
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where Tq is a closed loop starting from yo, and then returning to yo after 
having surrounded the anti-Stokes line Lq between y + := b^^e^ 2 arg A_7r )/ 6 
and yo (this time, the anti-Stokes lines are those of i\/b^y 3 — Xq): see Figure 
1. 




Figure 1. 



Then, by deforming this contour up to Lq (and because of the jump of the 
square root on it), a standard computation gives, 



1 

2ri 



frocy 3 - A dy 



U 12 



nV3 



y + -y | 3/2 + O(|y + 



yo 



5/2 > 



=: iV . 



In particular, since \y+ — yo\ ~ 5, we have iVo > for (5 > fixed sufficiently 
small. In this case, we obtain, 



(3.10) 



N D = ^- + o £ {h- 1 ) + £ (l) + 0( £ -). 



and thus, for fixed e > small enough, we see that Np tends to infinity as 
h — > (that is, as A; — > oo). But this is in contradiction with the fact that 
Nd < with Nif, finite and independent of k. □ 



Since H(f3) forms an analytic family of type A with only finite multiplicity 
eigenvalues, and E(f3) remains bounded on f2, we have that, for any point /3i 
of the boundary dCl, E((3) can be extended (as an eigenvalue of H(f3)) into 
a multiple- valued analytic function on a neighborhood of /3±, with another 
possible branch point at f3\ only. 

Now, if 7 : [0, 1] — > C is a simple continuous path, at a first stage we must 
consider the possibility of the existence of branch points (even if, afterwards, 
we will see that they do not exist). For that purpose, we define, 

Definition 3.10. For any to £ (0,1), we call 7-semi-neighborhood of 

7 (to) any open set uj C C whose boundary dm contains 7 (to) and coincides, 
near 7 (to); with {7(t); |t — to| < e} for some e > (see Figure 2). 

Then, the previous discussion and a standard argument of connectedness 
show that we have, 
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Figure 2. 

Proposition 3.11. Let 7 : [0, 1] — >• C c \{/3o} be an arbitrary simple contin- 
uous path such that 7(0) G f2. Then, for any determination E(/3) of E(f3), 
there exists a finite set {t\, . . . , t^} C (0, 1), such that E(f3) can be extended 
(as an eigenfunction of H(f3) ) into a holomorphic function on W := WUwi U 
• • • U Uk, where U is a complex neighborhood of 7\{7(ii), • • • , 7(ifc), 7(1)}, 
and ujj (j = 1, . . . , k) is a 7 -semi-neighborhood of ^(tj). Moreover, the 
extension is continuous up to the boundary dW of W. 



In the next section, we relate such an extension with the E n (P) 1 s of (2.2) 



Remark 3.12. Actually, the extension can be made in the larger open set 
obtained by replacing the 7 -semi-neighborhoods by "cut-neighborhoods" of 
the form 0Jj\Lj , where ojj is a neighborhood of j(tj), and L~j~ = j(tj) + Zj'R + 

with Zj £ C\{0} transverse to 7 at j(tj) (in the case of a C^-path). But the 
previous notion of semi-neighborhoods is enough for our purposes. 

4. The spectrum for small parameter 

Let 7 : [0, 1) — > C c \{/3o} be a simple continuous path, such that 7(0) € ft, 
and {"f(t) ; 1 — fj, < t < 1} = (0, u] for some u, v > 0. 

The previous proposition (applied to 7 [0,1-5] for any 5 > 0) shows the 
existence of a (possibly void) countable set {tj ; 1 < j < K} C (0,1), 
with either K < +00, or K = +00 and tj — > 1 as j — > 00, such that 
any determination of E(f3) in Vt can be extended into a holomorphic func- 
tion on W := W U wi U ■ ■ ■ U uk, where U is a complex neighborhood of 
j\{tj ; 1 < j < K}, and Uj (j = 1, . . . , K) is a 7-semi-neighborhood of 7(tj). 



Still denoting by E((3) such an extension, and with E n (f3) as in (2.2), we 
have, 

Proposition 4.1. There exists an integer n > 0, such that, for all j3 £ W 
sufficiently small, one has, 

E((3) = E n ((3). 

Remark 4.2. In particular, E(f3) can be continued analytically in {(3 £ 
C c ; < 5 n }, and thus, as a matter of fact, the branch points cannot 
accumulate at f3 = 0. 



THE SPECTRUM OF THE CUBIC OSCILLATOR 



13 



Proof. By construction, W contains a sequence (Pk)k>o C (0, i/] that con- 
verges to 0. We distinguish two cases. 

Case 1 : \E{p k )\ does not tend to infinity as k — > +co. 

In this case, by extracting a subsequence, we can assume that E(/3k) admits 
a finite limit Eq as k — > oo. But since H{Pk) tends to Hq in the norm resol- 
vent sense, we necessaril y hav e Eq G <j(Hq), that is, there exists n > such 



that E = E n (0). Using we deduce that E(p k ) = E n (p k ) for all 

k sufficiently large. By the analyticity of E(P) on W, and the simplicity of 
E n (f3) (\/3\ < S n ), we conclude that E(/3) = E n {ff) for all P sufficiently close 
to some /3k (k » 1), and thus (since E n {j3) is analytic, too), for all j3 G W 
sufficiently small. 

Case 2 : |^(/3^)| tends to infinity as k — > +oo. 

We separate the elements of the sequence B := (Pk)k>o in two parts: 

P-:={P€B;\E(J3)\<p- 1 } 5 V+ := {P e B ■ \E(P)\ > P' 1 }. 
We will prove by contradiction that, actually, both of these sets are empty. 

When p G V—, we make the change of variable, 

x = V\E(P)\y, 

and we set, 

tp(y) := \E{P)\hp{VW)\v) ; h := |^(/3)|- 1 (« 1) 
a := e (0, 1] ; A: = 

Then, we have, 

-h 2 tp"(y) + (y 2 + iay 3 - \)<p(y) = 0, 

and we can use again complex WKB semiclassical methods. Since P > 0, we 
have Re H(P) = Hq > 1 and thus Re E{0) > 1. Therefore, | arg A| < vr/2 
and, among the three turning points, two of them are located in {Im y < 
1/V2], while the third one is in {Im y > 1}. Moreover, in this case Proposi- 
tion 



3.3 gives an absence of zeros for ip in the strip |0 < Im y < — , }, 

and th us in {0 < Im y < 1}. Then, an argument similar to the one lead- 
ing to (3.10) shows that tends to infinity as P — > 0+, and this is in 



contradiction with Proposition |3. 6 
Now, when P G V+, we make the change of variable, 



_ W)| 1/3 
X ~ /3V6 y ' 



and we set, 



|£(/3)| 1/6 , ,\E(B)\ X I* s P 1 ^ , 



a : 



:=(/W)ir 1/3 e(0,l] ; A :— t[ ' ] 



\E(P)\ 
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In this case, <p is solution of, 

-fcV'(y) + (ay 2 + iy 3 - \)tp(y) = 0. 

Again, complex semiclassical WKB asymptotics can be used, and we obtain 
that should tend to infinity as (5 — > 0+, which is in contradiction with 
Proposition 3.6 (Let us observe that, by an obvious change of variable, in 

A', 
□ 



both cases the turning points can be deduced from those of y + iy 
with Re A' > 0.) 



5. HOLOMORPHIC EXTENSION 



In view of Proposition 4.1 the first part of Theorem 2.1 will follow from the 
next result. 



Proposition 5.1. For any n > 0, the function, 

C c n{|/3| < 5 n } 3 (3 ^ E n (f3) 

can be extended to a holomorphic function on the whole cut plane C c , in 
such a way that, for all f3 E C c the value at f3 of the extension (still denoted 
by E n (/3) ) is a simple eigenvalue of H(f3). 

Proof. It is enough to prove that E n (f3) can be continued, as a simple eigen- 
value of H((3), along any simple continuous path 7 : [0, 1] — > C c such that 
|7(0)|<<5„. 



By Proposition 3.11 we already know that E n (f3) can be extended, as an 
eigenvalue of H(j3), into a continuous function on 7 (and, in fact, holomor- 
phic at least on 'one side' of 7). We set, 

to := sup{t E [0, 1] ; E n (f3) is simple at 7(5) for all s E [0,i]}. 

By contradiction, let us assume to < 1. 

Since E n (j3) is continuous along 7, this implies that E n (j3o) is a multiple 
eigenvalue of H(/3o), where we have set (3q := 7(io)- Hence, because of 
the analyticity of the family H((3), in a neighborhood of /3o the spectrum 
of H(f3) is given either by at least two branches of a multi-valued analytic 
function around (3o, or by at least two different analytic functions (see [17] , 
Chapter VII). 

In particular, for (3 in a sufficiently small neighborhood £li of {7(t) ; < 
to — ti « 1}, there exists an eigenvalue E(j3), depending analytically on 
(3, such that E((3) ^ E n (j3) for all j3 E fii, and E(J3) -> E n ((3 ) as -> /3 
(recall that, by definition, E n (^(t)) is simple for t < to). 

On the other hand, by Sections [3] and [4j we know that E(/3) can be extended, 
as an eigenvalue of H(/3), into a holomorphic function on the neighborhood 
of some simple continuous path connecting Qi with a neighborhood of 0, and 
that there exists some m > such that E((3) = E m (f3) for |/3| sufficiently 
small. 

Then, by construction, we necessarily have m 7^ n, otherwise, by the sim- 
plicity (and thus, the analyticity) of E n (fi) on {~~f(t) ; < t < to}, we would 
have E(f3) = E n (/3) on this set. 
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Now, we denote by ip n ,p an d ipm,/3 two normalized eigenfunctions associated 
with E n (f3) and E( /3) = E m (f3), respecti vely, and depending continuously on 
(3 (see Proposition |3.1[ ). By Proposition |3.6[ we know that their respective 
number of nodes, say N n and N m , do not depend on (3. Moreover, since 
E((3q) = E n ((3o) and Ker(iT(/3o) — En(Po)) is one dimensional, we must have 
ipn,p anc ^ ^m,/3o co-linear, and thus, necessarily, N n = N m . Therefore, in 
order to obtain a contradiction, it is enough to prove, 

Lemma 5.2. For any n > 0, the eigenfunction associated to E n (f3) (j3 £ C c , 
\(3\ < S n ) admits exactly n nodes. 

Proof. Denote by ip n the (n+l)-th normalized eigenfunction of the harmonic 
oscillator Hq. It is well known that <p n is holomorphic on C, and admits ex- 
actly n zeros that are all located in the real interval /„, := [— \J E n (0), y/E n (0)] . 
Moreover, since H ((3) tends to Hq in the norm resolvent sense as (3 — > 0, and 
E n (0) is simple, the conveniently normalized eigenfunction ip n ^ associated 
to E n (f3) (\/3\ < 5 n ) converge in norm towards cp n as (3 — > 0. By the elliptic- 
ity of Hq and H (f3) this actually implies that Vn,^ — Vn tends to in any 
Sobolev norm, and thus locally uniformly (together with its derivative). As 
a consequence, if C is an arbitrarily large positive constant, for all \f3\ small 
enough one has ip ni p(z) ^ if C _1 < dist (z, I n ) < C, and the number N of 
zeros of ip n j) in {dist (z, I n ) < C^ 1 } is given by, 

2i7r J {dist (zJ^C" 1 } Wn/3{X) 

-^ — <f ^f\dx = n 03 -> 0). 

2l7r J{dist(z,/„)=C- 1 } <Pn(x) 



Therefore, N = n and, by Proposition 3.6 these zeros are exactly the nodes 



Of 1p n p. □ 



It follows from Lemma 5.2 and the previous discussion that R e = +oo. Since 



e > is arbitrary, we conclude that E n (f3) remains simple for all j3 S 



'C> 



and Proposition 5.1 is proved. □ 



Putting together Proposition 4.1 and Proposition 5.1, we obtain the fact 
that, for any (3 G C c , the spectrum of H(f3) is simple, and consists exactly of 
the holomorphic extensions of the perturbative eigenvalues E n ((3)'s defined 
for |/3 1 small. In the rest of the paper, we will prove the last part of Theorem 



2.1 that is, the Pade summability of the _E n (/3)'s. In order to do so, we first 
need to know the asymptotic behaviours of E n ((3) as arg/3 — > (±7r)=p and as 
1/31 ^oo. 



6. Beheviour on THE CUT 

From now on, we fix n > 0, and we consider the simple eigenvalue E n (f3) 
defined for all /3 e C c . We also observe that, since H((3) admits the symme- 
try, 

VTH(f3) = H(P)VT, 
(where we have denoted by T > ip{x) := ip(—x) the parity operator, and by 
'Yip = ip the time reversal), the simplicity of E n (/3) and the characterization 
by the number of nodes immediately give, 



(6.1) 



E n {f3) = EM 
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for all (3 S C c . In particular, for /3 > we recover the fact that the spectrum 
of H(/3) is real (and thus included in [1, +oo), since Re H(f3) > 1). 



By the proof of Proposition 3.8 and (2.3), we also know that, for any C > 0, 
E n (f3) remains uniformly bounded on {p 6 C c ; \/3\ < C}. In this section, we 
study more precisely the behavior of E n (f3) as (3 approaches the cut (— oo, 0] 
of C c . 

Proposition 6.1. For any b > 0, E n (j3) admits a finite limit E^{—b) as 
(3 —7- —b, ±Im f3 > 0, and the E^{—b)'s form the set of eigenvalues (all 
simple) of the operator, 

H ±a (-b) := -e ±2ia ^ + e^ 2ia x 2 =F Vbe^x 3 
dx z 

where a is any sufficiently small positive number, and the domain T> of 
H±a{—b) is the same as the one of H(f3). Moreover, one has, 

±lmE±(-b) > 0. 

Proof. We prove it for Im (3 > (the case Im (3 < is completely analogous, 



and also results from (6.1)). In that case, for any fixed a > small enough 
(a < 7r/5 is enough), the complex change of variable x = e~ ia y transforms 
H((3) into, 

H a ((3) := -e 2ia -f^ + e~ 2ia y 2 + i^e~ Zia y\ 
and the eigenfunction ip n ^(x), associated with E n (/3), becomes, 

<Pn,p{y) ■= ipn,p{ e ~ ia y)- 



(Observe that, with S±i(f3) defined in (3.4), when y is real we have e~ ia y 6 
S±\(f3) for all (3 such that 1 7r — arg /3 1 is small enough, without restriction on 
the sign of (ir — arg (3).) 

Writing (3 = b'e ld with |tt — 6\ « 1, we have, 

(6.2) H a {(3) := e 2ia (-^ + e~ 4ia y 2 - VVe~^^y 3 ), 

ay 2 

and thus, since + 5a > 5a > 0, it is not difficult to see (e.g., as in [6]) 
that H a ((3) has a compact resolvent (even for arg/3 = 7r), that it forms an 
analytic family of type A around j3 = —b, and that H a (f3) tends to H a (—b) 
in the norm resolvent sense, as f3 — > —b, Im f3 > 0. As a consequence, any 
cluster point of E n (f3) is necessarily in the spectrum of H a (—b). Since in 
addition E n ([3) is simple when Im (3 > and remains uniformly bounded as 
(3 — > —b, Im (3 > 0, we conclude that it can admit only one cluster point, 
that is, a limit E+(—b) G a(H a (-b)), as (3 ->• -b, Im (3 > 0. 

Moreover, by considering the number of nodes of tp n b, we see as before that 
all the eigenvalues of H± a (f3) are simple and depend analytically on (3 near 
-b. 
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Concerning the sign of Im E£ (— b), we see on the expression (6.2) that the 
eigenfunction ip+ of H a (—b) associated with E+(a) satisfies to the asymp- 
totics (see [22], Chapter 2), 

MM = _ & V4 e ^ y 3/2 (1 + o(1))) 

as Re y — > +00 with | argy| < 7r/5. In particular, this behavior is valid for 
y = e ia x with x real, x — > +00, and in this case, setting ip+ (x) := ^(e* Q x), 
we obtain that * s a solution of the equation, 

(6.3) - + (x 2 - v^x 3 )^ = S+(-6))^+, 
with the asymptotic behavior, 

(6.4) W^M = _ i6 i/V/ 2(1 + o(1))) (x ^ +oo) . 

VvT {x) 

Moreover, for the same reasons (and since the potential x 1 — Vbx 3 tends to 
+00 as x — > —00), we see that ip£ (x) is exponentially sm all (t ogether with 
all its derivatives) as x — > —00. Then, using the equation (6.3), we have, 

Im E+(-b) f \iP+(t)\ 2 dt = -Im^+)'(x)^(x) 

J —00 

where x > is arbitrary, and thus, by (6.4), 

Im E+(rb) f \ri(t)\ 2 dt = b 1 /*x^+(x)\\l + o(l)) (x^+00). 



In particular, taking x > sufficiently large, we obtain Im E^(—b) > 0. □ 

Let us also observe that, still by [22J, Chapter 2, one also has {x)\ 2 ~ 
x~ 3 / 2 as x — > +00, so that, actually, ip+ £ L 2 (R) (but ^ V). 

7. Behaviour at infinity 

Thanks to the previous section (plus the results of [6] for j3 small), we can 
extend E n {j3) in a continuous way up to arg/3 = ±tt, by setting, 

E n (be ±i7r ) :=Et{-b). 

(Of course, in this notation, the quantity e ±l7r cannot be replaced by —1.) 

In this section, we study the behavior of E n {j3) as |/3| — > +00, — tt < arg/3 < 
it. We have, 

Proposition 7.1. For any n > 0, the quantity (3~ 1 / 5 E n ((3) admits a finite 
limit L n > as |/3| — > +00, —ir< arg f3 < rr. Moreover, if one sets, 

d2 ■ 3 

with domain D, then, the spectrum of consists exactly of the set {L n ; n > 
0}, and L n is the (n + l)-th eigenvalue of H^. 



Proof. The complex change of variable x = (3 10 y transforms H{j3) into 



d 2 
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Moreover, as in Section [6j we see that the eigenfunction ip n) p associated with 
E n {f3) is transformed into a function in the domain of the operator. As a 
consequence, setting, 

d 2 

6(a) := +ay 2 + iy 3 , 

we see that, for |arga| < 2-7r/5, the spectrum of H(a) consists of the 
eigenvalues a 1 ^ 2 E n (a~ 5 ^ 2 ), n = 0,1,..., with eigenfunctions (p n ,a(y) '■= 
ip n a -5/2(a l l A y) admitting exactly n zeros in {—it < argy + |arga < 0} 

(nodes). In addition, for a E C small enough, H(a) forms an analytic 
family of type A with compact resolvent (see, e.g., [6j), and is a small per- 
turbation of H(0) = —-^2 + W S (i n the sense that it tends to H(0) in the 
norm resolvent sense as a — > 0). 

Then, by arguments si milar to (but, somehow, simpler than) those used in 



the proof of Proposition 3.8, we see that a 1//2 -E n (a -5//2 ) remains bounded as 
a — > 0, | arga| < 2ir/5. Moreover, any limit value is an eigenvalue of H(0), 
and since its spectrum is discrete, we conclude that a l l 2 E n (a~^l 2 ) neces- 
sarily admits a limit L n G a(H(0)) as a — > 0, |arga| < 2ir/5. Moreover, 
any eigenvalue of H(0) gives rise, for a small, to some eigenvalue of H(a). 

Then, specifying the way in which a tends to zero by taking a > 0, and 
using the fact that, in this case, a 1 ^ 2 E n (a~ 5 ^ 2 ) is a positive number and 
its associated eigenfunction admits exactly n nodes, we first obtain that 
L n > 0, then that it is simple, and finally that it is the (n + l)-th eigenvalue 
ofiJ(O). □ 

8. Pade Summability 



Now, we come to the last part of the proof of Theorems 2.1 and 2.2 We 
first have, 

Proposition 8.1. For n > fixed and (3 6 C c , set, 

FAP) :- MLiM). 

Then, F n is a Stieltjes function, that is, more precisely, it can be written on 
the form, 

■ + " Pn(t) 







where p n is a real-analytic positive function such that, for all N > 0, one 
has t N p n {t) G L 1 (R+). 

Proof. Since F n is holomorphic on C c , for any (3 £ C c we have, 

where 7 is an arbitrary simple loop in C c surrounding (5 (and positi vely 



oriented). Moreover, if \z\ = R » |/3| and | argz| < 7r, by Proposition 7.1 
we have, 



F n (z) 



P 



fl -4/5 

<c n - 



R 
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with C n > constant, and thus, 



/ 


F n (z) 


/|*|=ii,| arg z|<7r 


z-/3 



dz\ — > as R — > +oo. 



Therefore, we can first deform 7 up to a contour 7 = 7+ U 7_, where 7+ 
follows (—oo,0] on the side {Imz > 0} (and is oriented from —00 to 0), 
while 7_ follows (— 00, 0] on the side {Im z < 0} (and is oriented from to 
—00): see Figure 2. 




Figure 3. 



Then, using Proposition 6.1, we can take the limit where both 7+ and 7. 
become the interval (—00, 0J, and we obtain, 

1 f° F+(z)-F-(z) 



2m 



where we have used the notation, 

rrtr^ E ±(z) - E n (0) 



F*(z) :-- 



z 



-dz, 
z — p 

[z e (-00,0]). 



Therefore, setting t := — z , this gives us, 

" +0 ° Pn(t) 



F n (f3) 







with, 



Pn(t) :-- 



' (F-i-h-F+i- 1 -)) 



2mt 



t ' 



t 



1 

~ 2i7T 



dt 



t 



t 



By (6.1), we also have E n (— j) = En (— |), and thus, using Proposition 



6.1 



again, we obtain, 
(8.1) 

In particular, the real-analyticity of p n is a direct consequence of Proposi- 
tion |6.1| and its proof. 



p n (t) = -ImE+(-j)>0. 



7.1 



Fina lly, the fact that t N p n (t) G L 1 (M + ) comes from Proposition 
(Q. Indeed, they tell us that p n {t) ~ r 1 ^ as t -> 0+, and p n (t) = ~0{t 
as t — > +00. 



and 

— 00 \ 

□ 



Now, we are able to complete the proof of Theorem 2.1 By Proposition 8.1 
as j3 — > 0+, F n (/3) admits the asymptotic expansion, 
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with, 

r+oo 

(8.2) a nJ := / t j p n {t)dt (> 0). 



On the other hand, by (2.3), we also have a n j = |e n j+i|, and thus, by (2.4), 

a n ,j <D n Ci +1 (j + 1)1 

In particular, 



too 



^(l/a nj ) 1/2i = +oo. 

3=1 

This means that the criterion of Carleman Theorem (see |27| . Theorem 88.1, 
page 330) is satisfied, and thus the (possible) solution dp (= non negative 
measure on M + ) of the moment problem, 

n + OO 

t 3 dp{t) = a n j 



is unique. But, by (8.2), we already know that such a measure exists, and 
is given by dp(t) = p n {t) dt. At this point, we can apply the results of [27], 
Chapter XIX (in particular, Theorem 97.1), together with |24| . Chapters 
VII and VIII (in particular §47,48, 51 and 54). They tell us that the series 
Ej>o a n,j z ^ is Stieltjes (see [57] . §97), that the diagonal Pade approximants 

j>o a n,j(~ ft) 3 -, with Q n ,j{0) — 1) exist and are 
unique, that they have no zeros in C c , and that, for all j3 G C c , the quotient 

Pn,M/Qn,jW) tends to Jo °° TWt dt = W), as 3 ->• +°°" 



Hence, Theorem |2.1| is proved, together with the first part of Theorem 2.2 



It remains to estimate In p n (t) as t — > +oo. We observe that, by (8.1), this 
is equivalent to find an estimate on Im E^(—b) as b — >■ 0+. But then, the 
general theory of [16] tells us that, 

Im E+(-b) = p n b-^e~ A / b (l + o(l)) (b -> 0+) 

where p n ,q n are positive numbers independent of 6, and ^4 corresponds to 
the tunneling through the barrier, and is given by, 

vV -y 3 dy = -= 

15 

(observe that the change of variable x = b~ 1 / 2 y transforms the operator 
— d\ + x 2 — Vbx 3 into i[—b 2 dy + y 2 — y 3 ], leading to a semiclassical problem 
as b — > + ). Then, the asymptotics of p n (t) at +oo immediately follows by 
taking the logarithm. 



Concerning the value of C n in ( |2.4[ ), it also follows by writing, 

r+oo r+oo 

\e n ,k+i\ = / t k p n (t)dt= / p n t k+q "e- At dt + R n (k) 
Jo Jo 

''" r(k + q n + l)+R n (k), 



A k +i 

where, for any C > 0, R n (k) can be written as, 

"C r+oo 



/■o r+oo 

R n {k)= / 0{t k )dt+ / o(t k+q ")e- At dt, 
Jo Jc 
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where the estimates are uniform with respect to k. Hence, we have R n (k) = 
o(A~ k F(k + q n + 1)) as k — > +00, and the result follows. □ 

9. Appendix 



Here, we give a proof of Lemma 3.9 



For any C > large enough, we set, 

n C (h) := {xeC;\<p'(x)\ > -\(p(x)\}nQo, 

where fio is some fixed arbitrarily large bounded open subset of C. Then, 
£lc(h) is open and (p'(x) ^ on £lc(h)- 

Our purpose is to prove that, for any 5 > fixed, if C is sufficiently large, 
then n c (h) C {dist(z, <p _1 (0)) < Sh }- 

For x £ such that (f'(x) / 0, we define, 

(p(x) 



u{x) :-- 



(f'(x)' 

We have, 

u' = l-^ = l-^, 

where W = Wh(x) is bounded together with all its derivatives on Oo, uni- 
formly with respect to h. In particular, since \u\ < h/C on Oc(/i), on this 
set we obtain, 

1 / 11 ^ Co 
\u ~ 1| < ^, 

with C := sup Q() \ W\. 

Now, let xo = xo(h) £ &c(h) arbitrary, and set, 

v(t):=-u(x +th) ; f(t):=t-v{t); 

n c :={teC;x + the n c } = {t ; \v(t)\ < ^}. 
The previous estimates give, 

(9.1) \ v 'it)-l\ = \f{t)\ = 0{^) onO c , 

uniformly with respect to C and h. 

In order to prove that, for C large enough, xq is distant less than 5h from 
V9 _1 (0), we plan to apply the fixed-point theorem to f(t) on the open set 
Vc '■= {\t\ < 2/C}. Thus, we first have to prove that / sends this set into 
itself. For fi £ [0, 2], let us set, 

Sf, := sup \v(t)\. 

\t\<i*/c 

Since v' = 1 — Wv 2 , for all t such that \t\ < {J./C, we have, 

Nt)l<Ko)| + g(i + cbSj) 
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and thus, 

C < A + ^ <?2 

C C M ' 

Moreover, 5 M depends continuously on fj,, and 5^=0 = \v(0)\ < 1/C Hence, 
for C is sufficiently large, we necessarily have, 

s, < ^-(i - Vi-24(q,/c*)) < 



In particular, for /i = 2, this means that Vc* C 0(7/12) an d thus, by (9.1 ), we 
have |/'| = C(l/C 2 ) on this set. As a consequence, if t € Vc, one has, 

|/(i)| = |/(0)| + C?(^) < ~ + 
and thus, for C large enough, 



This proves that / sends Vc in itself. In addition, by (9.1 ) (and the fact that 
Vc C Oc/12)) / is also a contraction on Vc- As a consequence, it admits a 
fixed point in this set, and this means that there exists a zero of ip distant 
from xq less that 2h/C. □ 
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